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HERZ-SOBOLEV SPACES ON DOMAIN
DOUADI DRIHEM
Abstract. We introduce Herz-Sobolev spaces, which unify and generalize the classical
Sobolev spaces. We will give a proof of the Sobolev-type embedding for these function
spaces. All these results generalize the classical results on Sobolev spaces. Some remarks
on Caffarelli–Kohn–Nirenberg inequality are given.
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1. Introduction
Function spaces have been widely used in various areas of analysis such as harmonic
analysis and partial differential equations. Some example of these spaces can be men-
tioned such as Sobolev spaces. The interest in these spaces comes not only from theoret-
ical reasons but also from their applications in mathematical analysis. We refer to the
monographs [1], [2], [4] and [12] for further details, historical remarks and references on
Sobolev spaces.
It is well known that Herz spaces play an important role in harmonic analysis. After
they have been introduced in [13], the theory of these spaces had a remarkable devel-
opment in part due to its usefulness in applications. For instance, they appear in the
characterization of multipliers on Hardy spaces [3], in the summability of Fourier trans-
forms [7] and in regularity theory for elliptic equations in divergence form [15]. Also [17],
studied the Cauchy problem for Navier-Stokes equations on Herz spaces and weak Herz
spaces.
Based on Sobolev and Herz spaces we present a class of function spaces, called Herz-
Sobolev spaces, which generalize the classical Sobolev spaces. These type of function
spaces, but over Rn, are introduced by Lu and Yang [16] were gave some applications to
partial differential equations.
In this paper our spaces defined over a domain. More precisely the domain is often
assumed to satisfy a cone condition.
The paper is organized as follows. First we give some preliminaries where we fix some
notation and recall some basics facts on Herz spaces, where the approximation by smooth
functions are given. In particular, we will prove the Herz type version of Caffarelli–Kohn–
Nirenberg-type inequalities.
In Section 3, first we present basics facts on Herz-Sobolev spaces in analogy to the
classical Sobolev spaces. We prove a Sobolev embedding theorem for these spaces. In
particular we prove that
K˙α2,rp,m (Ω) →֒ K˙α1,rq (Ω) (1.1)
with some appropriate assumptions on the parameters. The surprise here is that the
embedding (1.1) is true if 1 < q < p <∞, α2+ np > α1+ nq > 0 and m > max(np +α2, np +
α2 − α1).
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The proof based on a local estimate and on the boundedness of maximal function and
Riesz potential operator on Herz spaces. Ather properties of these function spaces such
interpolation inequalities, extention and compact embeddings are postponed to the future
work.
2. Herz spaces
As usual, Rn denotes the n-dimensional real Euclidean space, N the collection of all
natural numbers and N0 = N∪{0}. The letter Z stands for the set of all integer numbers.
For any u > 0, k ∈ Z we set C(u) = {x ∈ Rn : u
2
6 |x| < u} and Ck = C(2k). For x ∈ Rn
and r > 0 we denote by B(x, r) the open ball in Rn with center x and radius r. Let χk,
for k ∈ Z, denote the characteristic function of the set Ck.
We denote by |Ω| the n-dimensional Lebesgue measure of Ω ⊆ Rn. For any measurable
subset Ω ⊆ Rn the Lebesgue space Lp(Ω), 0 < p 6∞ consists of all measurable functions
for which
‖f‖Lp(Ω) =
(∫
Ω
|f(x)|p dx
)1/p
<∞, 0 < p <∞
and
‖f‖L∞(Ω) = ess-sup
x∈Ω
|f(x)| <∞.
If Ω = Rn then we put ‖f‖Lp(Rn) = ‖f‖p. Let Ω ⊆ Rn be open. Cc(Ω) denotes the set of
all continuous functions with compact support in Ω.
We start by recalling the definition and some of the properties of the homogenous Herz
spaces.
Definition 2.1. Let α ∈ R, 1 6 p, q 6∞. The homogeneous Herz space K˙α,qp is defined
as the set of all f ∈ Lploc (Rn \ {0}) such that∥∥f∥∥
K˙α,qp (Rn)
=
( ∞∑
k=−∞
2kαq
∥∥f χk∥∥qp)1/q <∞
with the usual modifications when p =∞ and/or q =∞.
The spaces K˙α,qp (R
n) are Banach spaces. If α = 0 and 0 < p = q 6 ∞ then K˙0,pp (Rn)
coincides with the Lebesgue spaces Lp (Rn). If 1 6 q1 6 q2 6∞, then we may derive the
embedding K˙α,q1p (R
n) →֒ K˙α,q2p (Rn). In addition
K˙α,pp (R
n) = Lp(Rn, | · |αp), (Lebesgue space equipped with power weight),
where ∥∥f∥∥
Lp(Rn,|·|αp) =
(∫
Rn
|f(x)|p |x|αpdx
)1/p
. (2.2)
If Ω ⊂ Rn is open, then we put ∥∥f∥∥
K˙α,qp (Ω)
=
∥∥fχΩ∥∥K˙α,qp (Rn).
Various important results have been proved in the space K˙α,qp (R
n) under some assump-
tions on α, p and q. The conditions −n
p
< α < n(1 − 1
p
), 1 < p < ∞ and 1 6 q 6 ∞ is
crucial in the study of the boundedness of classical operators in K˙α,qp (R
n) spaces. This
fact was first realized by Li and Yang [8] with the proof of the boundedness of the maximal
function. As usual, we put
M(f)(x) := sup
Q
1
|Q|
∫
Q
|f(y)| dy, f ∈ L1loc,
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where the supremum is taken over all cubes with sides parallel to the axis and x ∈ Q.
Lemma 2.3. Let 1 < p < ∞ and 1 6 q 6 ∞. If f is a locally integrable functions on
Rn and −n
p
< α < n(1 − 1
p
), then∥∥Mf∥∥
K˙α,qp (Rn)
6 c
∥∥f∥∥
K˙α,qp (Rn)
.
A detailed discussion of the properties of these spaces my be found in the recent mono-
graph [18], the papers [14], [10], [11], and references therein.
The next lemma is a Hardy-type inequality which is basically a consequence of Young’s
inequality in the sequence Lebesgue space ℓq.
Lemma 2.4. Let 0 < a < 1 and 0 < q 6 ∞. Let {εk}k∈N0 be a sequences of positive
real numbers and denote δk =
∑∞
j=k a
j−kεj, k ∈ N0. Then there exists constant c >
0 depending only on a and q such that∥∥ {δk}k∈N0 ∥∥ℓq 6 c∥∥ {εk}k∈N0 ∥∥ℓq .
Let Vα,p,q be the set of (α, p, q) ∈ R× [1,∞]2 such that:
• α < n− n
p
, 1 6 p 6∞ and 1 6 q 6∞,
• α = n− n
p
, 1 6 p 6∞ and q = 1,
• α = 0, p =∞ and q =∞.
The next lemma gives a necessary and sufficient condition on the parameters α, p and
q, in order to make sure that
〈Tf , ϕ〉 =
∫
Ω
f(x)ϕ(x)dx, ϕ ∈ D(Ω), f ∈ K˙α,qp (Ω)
generates a regular distribution Tf ∈ D′(Ω).
Lemma 2.5. Let Ω ⊂ Rn be open, 0 ∈ Ω and 1 6 p, q 6∞. Then
K˙α,qp (Ω) →֒ L1loc(Ω),
if and only if (α, p, q) ∈ Vα,p,q.
Proof. We divide the proof into two steps.
Step 1. Assume that (α, p, q) ∈ Vα,p,q, f ∈ K˙α,qp (Ω) and B(0, 2N) ⊂ Ω, N ∈ Z. By
similarity we only consider the first case. Ho¨lder’s inequality gives∥∥f∥∥
L1(B(0,2N ))
=
∑
i6N
∥∥fχRi∩Ω∥∥1
.
∑
i6N
2i(n−
n
p
)
∥∥fχRi∩Ω∥∥p
= c2N(n−
n
p
−α)∑
i6N
2(i−N)(n−
n
p
−α)2iα
∥∥fχRi∩Ω∥∥p
. 2N(n−
n
p
−α)∥∥f∥∥
K˙α,qp (Ω)
.
Step 2. Assume that (α, p, q) /∈ Vα,p,q. We distinguish two cases.
Case 1. α > n− n
p
. Let r > 0 be such that B(0, r) ⊂ Ω and set f(x) = |x|−nχ0<|·|<r(x).
We obtain f ∈ K˙α,qp (Ω) for any 1 6 p, q 6∞ whereas f /∈ L1loc(Ω).
Case 2. α = n − n
p
, 1 6 p 6 ∞ and 1 < q 6 ∞. We consider the function f defined
by
|x|−n(| log |x||)−1χ0<|·|< 1
2
(x).
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An easy computation yields that∥∥f∥∥q
K˙α,qp (Ω)
.
∞∑
k=1
k−q <∞,
which gives that f ∈ K˙n−
n
p
,q
p (Ω), with the usual modifications when q = ∞. It is easily
seen that f does not belong to L1loc(Ω). 
Remark 2.6. We easily see that in general if 0 /∈ Ω then the set Vα,p,q is not optimal. From
this lemma it thus makes sense to talk about weak derivatives of functions in K˙α,qp (Ω), in
addition the assumption (α, p, q) ∈ Vα,p,q is optimal.
Theorem 2.7. Let Ω ⊂ Rn be open, α ∈ R and 1 6 p, q < ∞. Then Cc(Ω) is dense in
K˙α,qp (Ω).
Proof. Let f ∈ K˙α,qp (Ω). As in [2, Theorem 2.19], the proof can be restricted to the case
f is real-valued and nonnegative. Then there exists a monotonically increasing sequence
{un}n∈N0 of nonnegative simple functions converging pointwise to f on Ω and
0 6 un 6 f, n ∈ N0.
Since
0 6 f − un 6 f, n ∈ N0,
by dominated convergence theorem {un}n∈N0 converge to f in K˙α,qp (Ω). Therefore we find
an u ∈ {un}n∈N0 such that ∥∥f − u∥∥
K˙α,qp (Ω)
<
ε
2
.
Consequently
N∑
k=−N
2kαq
∥∥(f − u)χRk∩Ω∥∥qp < (ε2)q.
for any N ∈ N large enough. Let u˜(x) = u(x) if x ∈ ∪Nj=−NRj∩Ω and u˜(x) = 0 otherwise.
The support of u˜ has finite volume. By Lusin’s theorem we can find that ϕN ∈ Cc(Rn)
such that
|ϕN(x)| 6
∥∥u˜N∥∥∞
for any x ∈ Rn and
|{x ∈ Rn : ϕN(x) 6= u˜N(x)}| 6 1( N∑
j=−N
2jαq
) 1
q
( ε
8
∥∥u˜∥∥∞
)p
for any k ∈ Z. Therefore
N∑
k=−N
2kαq
∥∥(ϕ− u˜)χRk∩Ω∥∥qp 6 ∥∥ϕ− u˜∥∥q∞
N∑
k=−N
2kαq|{x ∈ Rn : ϕ(x) 6= u˜(x)}| qp 6 (ε
2
)q
and so
N∑
k=−N
2kαq
∥∥(f − ϕ)χRk∩Ω∥∥qp < εq.
Letting N tends to infinity, that ends the proof. 
Theorem 2.8. Let Ω be open, 1 6 p, q <∞ and α > −n
p
. Then K˙α,qp (Ω) is separable.
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Proof. As in [9, Lemma 2.17] it suffices to prove the theorem for Ω = Rn. For j ∈ N and
m = (m1, ..., mn) ∈ Zn let
Qj,m =
{
x ∈ Rn : 2−jmi 6 x < 2−j(mi + 1), i = 1, ..., n
}
be the dyadic cube. Put
Fj =
{
f : f =
∑
m∈Zn
aj,mχQj,m, aj,m ∈ Q
}
, j ∈ N,
where aj,m = 0 if |m| > N,N ∈ N. We have F = ∪j∈NFj, is a countable set. Let
f ∈ K˙α,qp (Rn) and ε > 0. From Theorem 2.7 there exists ϕ ∈ Cc(Rn) such that∥∥f − ϕ∥∥
K˙α,qp (Rn)
6
ε
2
.
Assume that suppϕ ⊂ Q−J,z, J ∈ N, z ∈ Zn with J large enough. Let j ∈ N, m ∈ Zn and
ϕj,m(x) =
{
2−jn
∫
Qj,m
ϕ(y)dy, if x ∈ Qj,m ⊆ Q−J,z,
0, if x ∈ Qj,m * Q−J,z or x /∈ Qj,m.
Observe that ∥∥ϕ− ϕj,m∥∥qK˙α,qp (Rn) =
∞∑
k=−∞
2kαq
∥∥(ϕ− ϕj,m)χk∥∥qp.
But ∥∥(ϕ− ϕj,m)χk∥∥pp =
∫
Q−J,z
|ϕ(x)− ϕj,m(x)|pχk(x)dx
for any j ∈ N and any m ∈ Zn. Since ϕ is uniformly continuous on Q−J,z, for each ε′ > 0
there is a δ > 0 such that
|ϕ(x)− ϕ(y)| < ε′
whenever |x − y| < δ. Let x ∈ Q−J,z. We can find a dyadic cube Qj,m1 such that
x ∈ Qj,m1 ⊆ Q−J,z for any j ∈ N. We have
|ϕ(x)− ϕj,m1(x)| 6 2−jn
∫
Qj,m1
|ϕ(x)− ϕ(y)|dy, x ∈ Qj,m1 ⊆ Q−J,z
for any j ∈ N. Taking j large enough be such that |x − y| 6 √n2−j 6 δ, x, y ∈ Qj,m1 .
Let j1 one of them. Therefore
|ϕ(x)− ϕj1,m1(x)| < ε′, x ∈ Qj1,m1 ⊆ Q−J,z.
Hence ∥∥ϕ− ϕj1,m1∥∥qK˙α,qp (Rn) = ∑
2k.(1+|z|)2J
2kαq
∥∥(ϕ− ϕj1,m1)χRk∩Q−J,z∥∥qp
6
∑
2k.(1+|z|)2J
2k(α+
n
p
)q sup
x∈Qj1,m1
|ϕ(x)− ϕj1,m1(x)|
q
p
6 cε′((1 + |z|)2J)(α+np )q.
Since ϕj1,m1 ∈ R we can find ϕ˜j1,m1 ∈ Q be such that
|ϕj1,m1(x)− ϕ˜j1,m1(x)| < ε′, x ∈ Qj1,m1 ⊆ Q−J,z.
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Now ∥∥ϕ− ϕ˜j1,m1∥∥K˙α,qp (Rn) 6 ∥∥ϕ− ϕj1,m1∥∥K˙α,qp (Rn) + ∥∥ϕ˜j1,m1 − ϕj1,m1∥∥K˙α,qp (Rn)
6 Cε′((1 + |z|)2J)(α+np )q.
We choose ε′ be such that Cε′((1 + |z|)2J)(α+np )q < ( ε
2
)q, which yields that∥∥f − ϕ˜j1,m1∥∥K˙α,qp (Rn) 6 ε.
This completes the proof. 
Let J ∈ D(Rn) be a real-valued function with
J(x) > 0, if x ∈ Rn, J(x) = 0 if x ∈ B(0, 1) and
∫
Rn
J(x)dx = 1.
Let ε > 0. We put Jε(x) = ε
−nJ(x
ε
), x ∈ Rn.
Theorem 2.9. Let Ω ⊂ Rn be open, 1 6 p, q < ∞ and α ∈ R. Let f ∈ K˙α,qp (Ω) be a
function defined on Rn and vanishes identically outside Ω. Then
lim
ε→0+
∥∥Jε ∗ f − f∥∥K˙α,qp (Ω) = 0. (2.10)
Proof. Step 1. We will prove that
lim
ε→0+
∥∥Jε ∗ ϕ− ϕ∥∥K˙α,qp (Ω) = 0
for any ϕ ∈ Cc(Ω) and α ∈ R.
Substep 1.1. α > −n
p
. Assume that suppϕ ⊂ B(0, 2N) ⊂ Ω, N ∈ N. Using the fact
that |x− y| > 2N > ε for any x ∈ Rn\B(0, 2N+1) and any y ∈ B(0, 2N+1) we obtain
Jε ∗ ϕ(x) = 0, x ∈ Rn\B(0, 2N+1), ε 6 2N ,
which yields∥∥(Jε ∗ ϕ− ϕ)χk∥∥pLp(Ω) =
∫
Ω∩Rk∩B(0,2N+1)
∣∣Jε ∗ ϕ(x)− ϕ(x)∣∣pdx, k ∈ Z.
Observe that
Jε ∗ ϕ(x)− ϕ(x) =
∫
B(0,1)
J(z)(ϕ(x − εz)− ϕ(x))dz.
Therefore
|Jε ∗ ϕ(x)− ϕ(x)| 6 sup
z∈B(0,1)
|ϕ(x− εz)− ϕ(x)|
which tend to zero as ε→ 0. Hence
∥∥Jε ∗ ϕ− ϕ∥∥qK˙α,qp (Ω) 6
N∑
k=−∞
2kαq
∥∥(Jε ∗ ϕ− ϕ)χk∥∥qp
6 sup
|x|62N+1
sup
z∈B(0,1)
|ϕ(x− εz)− ϕ(x)|q
N∑
k=−∞
2k(α+
n
p
)q
. sup
|x|62N+1
sup
z∈B(0,1)
|ϕ(x− εz)− ϕ(x)|q.
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Substep 1.2. α < −n
p
. By duality∥∥Jε ∗ ϕ− ϕ∥∥K˙α,qp (Ω) = sup
∣∣∣ ∫
Rn
(Jε ∗ ϕ(x)− ϕ(x))g(x)dx
∣∣∣,
where the supremum is taken over all continuous functions of compact support g such
that
∥∥g∥∥
K˙−α,q′
p′ (Ω)
= 1. It is easily seen that∫
Rn
(Jε ∗ ϕ(x)− ϕ(x))g(x)dx =
∫
Rn
(J˜ε ∗ g(x)− g(x))ϕ(x)dx,
where J˜ε(x) = Jε(−x), x ∈ Rn. We have∣∣∣ ∫
Rn
(J˜ε ∗ g(x)− g(x))ϕ(x)dx
∣∣∣ 6 ∥∥J˜ε ∗ g − g∥∥K˙−α,q′
p′ (Ω)
∥∥ϕ∥∥
K˙α,qp (Ω)
.
Observe that −α > − n
p′ . Using Step 1, we see that∥∥J˜ε ∗ g − g∥∥K˙−α,q′
p′ (Ω)
6
η∥∥ϕ∥∥
K˙α,qp (Ω)
for any η > 0 and any ε small enough. Hence∥∥Jε ∗ ϕ− ϕ∥∥K˙α,qp (Ω) 6 η
for any η > 0 and any ε small enough.
Substep 1.3. α = −n
p
. Let α0 > −np and α1 < −np be such that α = θα0 + (1− θ)α1.
Ho¨lder’s inequality yields∥∥Jε ∗ ϕ− ϕ∥∥K˙α,qp (Ω) 6 ∥∥Jε ∗ ϕ− ϕ∥∥θK˙α0,qp (Ω)∥∥Jε ∗ ϕ− ϕ∥∥1−θK˙α1,qp (Ω)
6 η
for any η > 0 and any ε small enough.
Step 2. We prove (2.10).
Substep 2.1. α > −n
p
. Let 1 < t < min( n
α+n
p
, p). By Theorem 2.7 we can find
ϕ ∈ Cc(Ω) such that ∥∥f − ϕ∥∥
K˙α,qp (Ω)
6
η
3
for any η > 0 small enough. So, for any η1 > 0 small enough∥∥Jε ∗ f − Jε ∗ ϕ∥∥K˙α,qp (Ω) 6 c∥∥M(|f − ϕ|t)∥∥ 1tK˙αt, qtp
t
(Rn)
6 cη1
by Lemma 2.3, because of α > −n
p
. We choose η1 be such that cη1 <
η
3
. From Step 1,∥∥Jε ∗ ϕ− ϕ∥∥K˙α,qp (Ω) 6 η3
by choosing ε sufficiently small, which prove (2.10) but with p > 1. Let s > 1. Ho¨lder’s
inequality and the fact that α + n > 0 yield∥∥Jε ∗ f − f∥∥K˙α,q1 (Ω) 6 ∥∥Jε ∗ f − f∥∥K˙α+n−ns ,qs (Ω),
which tends to zero as ε→ 0+.
Substep 2.2. α 6 −n
p
. This case follows by the same arguments as in Substeps 1.2
and 1.3.
This completes the proof. 
8 DOUADI DRIHEM
Let 1 6 q <∞. The Caffarelli–Kohn–Nirenberg inequality says that(∫
Rn
|x|γp|f(x)|pdx
) 1
p
6 c
(∫
Rn
|x|αq|∇f(x)|qdx
) 1
q
for any f ∈ D(Rn), where
α > 1− n
q
, α− 1 6 γ 6 α, n
p
− n
q
= α− γ − 1 6 0, (2.11)
see [5]. This inequality plays an important role in theory of function spaces and PDE’s.
Our aim is to extend this result to Herz spaces.
Theorem 2.12. Let 1 6 q 6 n
n−1 , 0 < r 6∞ and
α2 + n− 1 = α1 + n
q
.
Then
W˙ α2,r1,1 (R
n) →֒ K˙α1,rq (Rn),
holds, where ∥∥f∥∥
W˙
α2,r
1,1 (R
n)
=
( ∞∑
k=−∞
2kα2r
∥∥∇fχk∥∥r1)
1
r
. (2.13)
Proof. Assume that (2.13) is well defined and finite, otherwise we have nothing to prove.
Let
I1,k =
[− 2k, 2k], I2,k = [ 1√
n
2k−1, 2k
]
, k ∈ Z,
and
I3,k =
[− 2k,− 1√
n
2k−1
]
, I4,k =
(
− 1√
n
2k−1,
1√
n
2k−1
)
, k ∈ Z.
We set
Jk = ∪n−1i=1 Vi,k ∪ Vk, k ∈ Z,
where
Vk =
(
I2,k × (I4,k)n−1
)∪(I3,k × (I4,k)n−1) , Vi,k = V 1i,k∪V 2i,k, k ∈ Z, i ∈ {1, 2, ..., n−1},
with
V 1i,k = (I1,k)
n−i × I2,k × (I4,k)i−1 and V 2i,k = (I1,k)n−i × I3,k × (I4,k)i−1.
If i = 1, then we put V 11,k = (I1,k)
n−1 × I2,k and V 21,k = (I1,k)n−1 × I3,k.
Let x ∈ Rk, k ∈ Z. Assume that x does not belongs to the set Jk. Then x /∈ Vi,k and
x /∈ Vk for any i ∈ {1, 2, ..., n−1}. Since x is not an element of V 11,k∪V 21,k, we have necessary
that (x1, ..., xn−1) belongs in (I1,k)n−1 and xn ∈ I4,k, otherwise x is not an element of Rk
or x belongs in V1,k, which is a contradiction. Similarly, x /∈ V 1i,k ∪ V 2i,k, i ∈ {2, ..., n− 1}
we obtain x1 ∈ I1,k and (x2, ..., xn) ∈ (I4,k)n−1. But x /∈ Vk, then we have x1 ∈ I4,k.
Consequently x ∈ B(0, 2k−1), and this is a contradiction. Therefore
Rk ⊂ Jk ⊂ R˜k, k ∈ Z,
where R˜k = {x ∈ Rn : 1√n2k−3 6 |x| 6 2k+4}. Now we prove the embeddings and let
f ∈ W˙ α2,r1,1 (Rn). We write ∥∥f∥∥r
K˙
α1,r
q (Rn)
=
∞∑
k=−∞
2kα1r
∥∥fχk∥∥rq.
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Using Ho¨lder’s inequality we obtain
∥∥fχk∥∥q 6 c2k(nq−n+1)∥∥fχk∥∥ n
n−1
, k ∈ Z,
where the constant c > 0 is independent of k. We have
∫
Rk
|f(x)| nn−1dx 6
n−1∑
i=1
∫
Vi,k
|f(x)| nn−1dx+
∫
Vk
|f(x)| nn−1dx
6
n−1∑
i=1
∫
V 1
i,k
|f(x)| nn−1dx+
n−1∑
i=1
∫
V 2
i,k
|f(x)| nn−1dx+
∫
Vk
|f(x)| nn−1dx
=
n−1∑
i=1
J1i,k +
n−1∑
i=1
J2i,k + Sk..
We estimate J1i,k, i ∈ {1, 2, ..., n − 1}. Let ω1, ω2, ω3 ∈ D(R) be such that ω1(y) = 1 if
|y| 6 2−M , ω2(y) = 1 if 2−M−1√n 6 |y| 6 2−M , ω3(y) = 1 if |y| 6 2
−M
2
√
n
, suppω1 ⊂ {y ∈ R :
|y| 6 21−M}, suppω2 ⊂ {y ∈ R : 2−M−2√n 6 |y| 6 22−M} and suppω3 ⊂ {y ∈ R : |y| 6
21−M√
n
}, where M > 1 will be chosen later on. Let
fk(x) = f(x)Π
n−i
j=1ω1(2
−(k+M)xj)ω2(2−(k+M)xn−i+1)Πnj=n−i+2ω3(2
−(k+M)xj), x ∈ Rn.
Obviously, if x ∈ V 1i,k, then
f(x) = fk(x).
Let x ∈ V 1i,k. Taking into account the various conditions on the supports of ω1, ω2 and ω3
we obtain
f(x) =
∫ xj
−2k+1
∂fk
∂xj
(x1, ..., xj−1, yj, xj+1, ..., xn)dyj,
which yields that
|f(x)| 6
∫ xj
−2k+1
∣∣∣∂fk
∂xj
(x1, ..., xj−1, yj, xj+1, ..., xn)
∣∣∣dyj
for any j ∈ {1, 2, ..., n− i}. In the same way we obtain
|f(x)| 6
∫ xn−i+1
1
6
√
n
2k
∣∣∣ ∂fk
∂xn−i+1
(x1, ..., xn−i, yn−i+1, xn−i+1, ..., xn)
∣∣∣dyn−i+1
and
|f(x)| 6
∫ xj
− 1√
n
2k+1
∣∣∣∂fk
∂xj
(x1, ..., xn−i+1, ..., xj−1, yj, xj+1, ..., xn)
∣∣∣dyj
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for any j ∈ {n− i+ 2, ..., n}. Therefore for any x ∈ V 1i,k, |f(x)|
n
n−1 is bounded by
n−i∏
j=1
(∫ 2k
−2k+1
∣∣∣∂fk
∂xj
(x1, ..., xj−1, yj, xj+1, ..., xn)
∣∣∣dyj) 1n−1
(∫ 2k
1
6
√
n
2k
∣∣∣ ∂fk
∂xn−i+1
(x1, ..., xn−i, yn−i+1, xn−i+2, ..., xn)
∣∣∣dyn−i+1) 1n−1
×
n∏
j=n−i+2
(∫ 2k−1√
n
− 1√
n
2k+1
∣∣∣∂fk
∂xj
(x1, ..., xn−i+1, ..., xj−1, yj, xj+1, ..., xn)
∣∣∣dyj) 1n−1
=
n−i∏
j=1
(
g(x′j)
) 1
n−1 × (h(x′n−i+1)) 1n−1 × n∏
j=n−i+2
(
wj(x
′
j)
) 1
n−1 ,
where x′j = (x1, ..., xj−1, xj+1, ..., xn) and x
′
n−i+1 = (x1, ..., xn−i, xn−i+2, ..., xn). Integrate
with respect to x1, over I1,k to obtain
∫
I1,k
|f(x)| nn−1dx1 is bounded by
∫
I1,k
n−i∏
j=1
(
g(x′j)
) 1
n−1 × (h(x′n−i+1)) 1n−1 × n∏
j=n−i+2
(
wj(x
′
j)
) 1
n−1dx1
=
(
g(x′1)
) 1
n−1
∫
I1,k
n−i∏
j=2
(
g(x′j)
) 1
n−1 × (h(x′n−i+1)) 1n−1 × n∏
j=n−i+2
(
wj(x
′
j)
) 1
n−1dx1,
which is bounded by, after using Ho¨lder’s inequality,
(
g(x′1)
) 1
n−1
n−i∏
j=2
(∫
I1,k
g(x′j)dx1
) 1
n−1×
( ∫
I1,k
h(x′n−i+1)dx1
) 1
n−1×
( n∏
j=n−i+2
∫
I1,k
wj(x
′
j)dx1
) 1
n−1
,
by Ho¨lder’s inequality. Integrate with respect to x2, over I1,k and using Ho¨lder’s inequality
to obtain
∫
(I1,k)2
|f(x)| nn−1dx1dx2 is bounded by
(∫
I1,k
g(x′2)dx1
) 1
n−1
∫
I1,k
(
g(x′1)
) 1
n−1
n−i∏
j=3
(∫
I1,k
g(x′j)dx1
) 1
n−1
×
( ∫
I1,k
h(x′n−i+1)dx1
) 1
n−1
( n∏
j=n−i+2
∫
I1,k
wj(x
′
j)dx1
) 1
n−1
dx2
6
(∫
I1,k
g(x′2)dx1
) 1
n−1
(∫
I1,k
g(x′1)dx2
) 1
n−1
n−i∏
j=3
(∫
(I1,k)2
g(x′j)dx1dx2
) 1
n−1
×
( ∫
(I1,k)2
h(x′n−i+1)dx1dx2
) 1
n−1
( n∏
j=n−i+2
∫
(I1,k)2
wj(x
′
j)dx1dx2
) 1
n−1
.
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Hence
∫
(I1,k)n−i
|f(x)| nn−1dx1 · · · dxn−i is bounded by
n−i∏
j=1
(∫
(I1,k)n−i−1
g(x′j)dx1 · · · dxj−1dxj+1 · · · dxn−i−1
) 1
n−1
×
(∫
(I1,k)n−i
h(x′n−i+1)dx1dx2 · · · dxn−i
) 1
n−1
×
( n∏
j=n−i+2
∫
(I1,k)n−i
wj(x
′
j)dx1dx2 · · · dxn−i
) 1
n−1
.
In the same way
∫
(I1,k)n−i×I2,k |f(x)|
n
n−1dx1 · · · dxn−idxn−i+1 is bounded by
n−i∏
j=1
(∫
(I1,k)n−i−1×I2,k
g(x′j)dx1 · · · dxj−1dxj+1 · · · dxn−i+1
) 1
n−1
×
( ∫
(I1,k)n−i
h(x′n−i+1)dx1dx2 · · · dxn−i
) 1
n−1
×
n∏
j=n−i+2
∫
(I1,k)n−i×I2,k
wj(x
′
j)dx1dx2 · · · dxn−i+1
) 1
n−1
.
Consequently
∫
V 1
i,k
|f(x)| nn−1dx1 · · · dxn is bounded by
n−i∏
j=1
(∫
(I1,k)n−i−1×I2,k×(I4,k)i−1
g(x′j)dx1 · · · dxj−1dxj+1 · · · dxn
) 1
n−1
×
( ∫
(I1,k)n−i×(I4,k)i−1
h(x′n−i+1)dx1dx2 · · · dxn−i
) 1
n−1
×
( n∏
j=n−i+2
∫
(I1,k)n−i×I2,k×(I4,k)i−2
wj(x
′
j)dx1dx2 · · · ·dxj−1dxj+1 · · · dxn
) 1
n−1
,
which is bounded by
n∏
j=1
(∫
R˜k
∣∣∣∂fk
∂xj
(x)
∣∣∣dx) 1n−1 .
Observe that ∣∣∣∂fk
∂xj
∣∣∣ 6 C2−(k+M)∣∣f ∣∣+ ∣∣∇f ∣∣, j ∈ {1, 2, ..., n}.
Consequently,
J1i,k 6
(
C2−(k+M)
∥∥fχR˜k∥∥L1(Rn) + ∥∥∇fχR˜k∥∥L1(Rn)) nn−1
for any k ∈ Z and any i ∈ {1, 2, ..., n− 1}. Using the fact that α2 + n − 1 = α1 + nq we
deduce the following estimation( ∞∑
k=−∞
2k(α1+
n
q
−n+1)r
( n−1∑
i=1
J1i,k
) (n−1)r
n
) 1
r
6 (n−1)∥∥f∥∥
W˙
α2,r
1,1 (R
n)
+CA(n−1)2−M∥∥f∥∥
K˙
α2−1,r
1 (R
n)
.
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We estimate V 2i,k, i ∈ {1, 2, ..., n− 1}. We have
J2i,k =
∫
(I1,k)n−i×I2,k×(I4,k)i−1
∣∣fk(x1, ..., xn−i,−xn−i+1, xn−i+2..., xn)∣∣ nn−1dx1dx2 · · · dxn
for any k ∈ Z and any i ∈ {1, 2, ..., n− 1}. The estimate of ∑n−1i=1 J2i,k can be done in the
same way as in V 1i,k. The estimate of Sk. can be done in the same way as in
∑n−1
i=1 J
1
i,k and∑n−1
i=1 J
1
i,k. Collecting these estimations in one formula we find that∥∥f∥∥
K˙
α1,r
q (Rn)
6 4(n− 1)∥∥f∥∥
W˙
α2,r
1,1 (R
n)
+ C2−M
∥∥f∥∥
K˙
α2−1,r
1 (R
n)
.
Using the fact that α2 + n− 1 = α1 + nq and Ho¨lder’s inequality to obtain∥∥f∥∥
K˙
α2−1,r
1 (R
n)
6 B
∥∥f∥∥
K˙
α1,r
q (Rn)
.
Choosing M such that CB2−M 6 1
2
we obtain the desired inequality. 
Remark 2.14. We mention here that our embedding cover the Caffarelli–Kohn–Nirenberg
inequality because of (2.11) yields that 1 6 q 6 n
n−1 .
Theorem 2.15. Let 1 6 q 6 nn
p
−1 , 0 < r 6∞, α2 > α1 and
n
q
− n
p
= α2 − 1− α1 6 0.
Then
W˙ α2,rp,1 (R
n) →֒ K˙α1,rq (Rn), (2.16)
holds, where ∥∥f∥∥
W˙
α2,r
p,1 (R
n)
=
( ∞∑
k=−∞
2kα2r
∥∥∇fχk∥∥rp)
1
r
. (2.17)
Proof. Assume that (2.17) is well defined and finite, otherwise we have nothing to prove
and let f ∈ W˙ α2,rp,1 (Rn). Let nσ = nq +n− np . According to Theorem 2.12, since 1 6 σ 6 nn−1 ,
one has ∥∥g∥∥
K˙
α1,τ
σ (Rn)
.
n∑
j=1
∥∥∥ ∂g
∂xj
∥∥∥
K˙
α2,τ
1 (R
n)
, (2.18)
since 1 6 σ <∞. Let g = |f | qσ . It is easily seen that∥∥f∥∥
K˙
α1,r
q (Rn)
=
∥∥g∥∥σq
K˙
q
σ α1,r
σ
q
σ (Rn)
.
Let
α˜2 = α2 − α1 + q
σ
α1 and r˜ = r
σ
q
.
From the inequality (2.18), we deduce
∥∥g∥∥
K˙
q
σ α1,r˜
σ (Rn)
.
n∑
j=1
∥∥∥ ∂g
∂xj
∥∥∥
K˙
α˜2,r˜
1 (R
n)
.
n∑
j=1
∥∥∥s|f |s−1 ∂f
∂xj
∥∥∥
K˙
α˜2,r˜
1 (R
n)
,
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with s = q
σ
. By combining this estimate with
α˜2 = α1
q
p′
+ α2 and
1
r˜
=
1
r
q
p′
+
1
r
we see that ∥∥∥s|f |s−1 ∂f
∂xj
∥∥∥
K˙
α˜2,r˜
1 (R
n)
.
∥∥s|f |s−1∥∥
K˙
α1
q
p′ ,
rp′
q
p′ (R
n)
∥∥∥ ∂f
∂xj
∥∥∥
K˙
α2,r
p (Rn)
= c
∥∥f∥∥ qp′
K˙
α1,r
q (Rn)
∥∥∥ ∂f
∂xj
∥∥∥
K˙
α2,r
p (Rn)
,
where we have used the Ho¨lder inequality. Therefore
∥∥f∥∥
K˙
α1,r
q (Rn)
.
∥∥f∥∥ σp′
K˙
α1,r
q (Rn)
n∑
j=1
∥∥∥ ∂f
∂xj
∥∥∥σq
K˙
α2,r
p (Rn)
and get finally ∥∥f∥∥
K˙
α1,r
q (Rn)
.
n∑
j=1
∥∥∥ ∂f
∂xj
∥∥∥
K˙
α2,r
p (Rn)
.
Hence the proof is complete. 
Remark 2.19. Again our embedding cover the Caffarelli–Kohn–Nirenberg inequality be-
cause of (2.11) yields that 1 6 q 6 nn
p
−1 . Let 1 6 p 6 q < ∞ and nq − np = α2 − 1 − α1.
By the embeddings (2.16) we easily obtain that(∫
Rn
|x|α1q|f(x)|qdx
) 1
q
.
( ∞∑
k=−∞
2kα2q
∥∥∇fχk∥∥qp)
1
q
.
(∫
Rn
|x|α2p|∇f(x)|pdx
) 1
p
,
whenever the right-hand side is finite. In particular,
∥∥f∥∥
q
.
( ∞∑
k=−∞
∥∥∇fχk∥∥qp) 1q . ∥∥∇f∥∥p,
where 1 6 p < q < ∞ and 1 − n
p
= −n
q
, whenever the right-hand side is finite, which is
the Sobolev’s inequality.
In reality, the inequality of Caffarelli–Kohn–Nirenberg inequality says that∥∥|x|α1f∥∥
q
6 c
∥∥|x|α2f∥∥θ
p
∥∥|x|α3∇f∥∥1−θ
u
, f ∈ C1(Rn), (2.20)
where p, u > 1, q > 0, 0 6 θ 6 1,
n
p
+ α2 > 0,
n
u
+ α3 > 0,
n
q
+ α1 > 0,
n
q
+ α1 = θ
(n
p
+ α2 − 1
)
+
(n
u
+ α3
)
(1− θ), α1 = θσ + (1− θ)α3,
σ 6 α2 if θ > 0
and
α2 6 σ + 1 if θ > 0 and
n
q
+ α1 =
n
p
+ α2 − 1.
Our aim is to extend this result to Herz spaces. We begin by the following special case.
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Theorem 2.21. Let u > 1, q, v, r, s > 0, 0 6 θ 6 1,
n+ α2 > 0,
n
u
+ α3 > 0,
n
q
+ α1 > 0, σ 6 α2 6 σ + 1,
α1 = θσ + (1− θ)α3, n
q
+ α1 = θ
(
n + α2 − 1
)
+
(n
u
+ α3
)
(1− θ)
and
1
r
=
θ
s
+
1− θ
v
.
Then ∥∥f∥∥
K˙
α1,r
q (Rn)
6 c
∥∥∇f∥∥θ
K˙
α2,s
1 (R
n)
∥∥f∥∥1−θ
K˙
α3,v
u (Rn)
, f ∈ C1(Rn),
Proof. Obviously, we need only to study the case 0 < θ < 1. Let h = n
n−1+α2−σ . Therefore
1
q
=
θ
h
+
1− θ
u
.
Using Ho¨lder’s inequality we obtain
2kα1
∥∥fχk∥∥q 6 c(2kσ∥∥fχk∥∥h)θ(2kα3∥∥fχk∥∥u)1−θ, k ∈ Z.
Therefore ∥∥f∥∥
K˙
α1,r
q (Rn)
6 c
∥∥f∥∥θ
K˙σ,s
h
(Rn)
∥∥f∥∥1−θ
K˙
α3,v
u (Rn)
.
Observe that
n
h
+ σ = n− 1 + α2, 1 6 h 6 n
n− 1 .
Hence by Theorem 2.12, ∥∥f∥∥
K˙σ,s
h
(Rn)
6 c
∥∥∇f∥∥
K˙
α2,s
1 (R
n)
.
The proof is complete by Ho¨lder’s inequality. 
Now we formulate our main theorem.
Theorem 2.22. Let p, u > 1, q, r, v, s > 0, 0 6 θ 6 1,
n
p
+ α2 > 0,
n
u
+ α3 > 0,
n
q
+ α1 > 0, σ 6 α2 6 σ + 1,
α1 = θσ + (1− θ)α3, n
q
+ α1 = θ
(n
p
+ α2 − 1
)
+
(n
u
+ α3
)
(1− θ)
and
1
r
=
θ
s
+
1− θ
v
.
Then ∥∥f∥∥
K˙
α1,r
q (Rn)
6 c
∥∥∇f∥∥θ
K˙
α2,s
p (Rn)
∥∥f∥∥1−θ
K˙
α3,v
u (Rn)
, f ∈ C1(Rn), (2.23)
Proof. We have 1
q
= θ
τ
+ 1−θ
u
, where τ = nn
p
−1+α2−σ . Using Ho¨lder’s inequality we obtain∥∥f∥∥
K˙
α1,r
q (Rn)
6 c
∥∥f∥∥θ
K˙σ,sτ (Rn)
∥∥f∥∥1−θ
K˙
α3,v
u (Rn)
.
Observe that
n
τ
− n
p
= α2 − 1− σ 6 0.
According to Theorem 2.15, since 1 6 τ 6 nn
p
−1 , one has∥∥f∥∥
K˙σ,sτ (Rn)
6 c
∥∥∇f∥∥
K˙
α2,s
p (Rn)
,
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which completes the proof after using Ho¨lder’s inequality. 
Remark 2.24. More Caffarelli–Kohn–Nirenberg inequalities in function spaces are given
in [6]. From (2.23) we easily obtain∥∥f∥∥
K˙
α1,q
q (Rn)
6 c
∥∥∇f∥∥θ
K˙
α2,τ
p (Rn)
∥∥f∥∥1−θ
K˙
α3,u
u (Rn)
, f ∈ C1(Rn),
but τ > p, then we obtain∥∥f∥∥
K˙
α1,q
q (Rn)
6 c
∥∥∇f∥∥θ
K˙
α2,p
p (Rn)
∥∥f∥∥1−θ
K˙
α3,u
u (Rn)
, f ∈ C1(Rn),
which is the classical Caffarelli–Kohn–Nirenberg inequality, see (2.2).
3. Herz-Sobolev spaces
In this section we prove the basic properties of Herz-Sobolev spaces in analogy to the
classical Sobolev spaces.
Definition 3.1. Let Ω ⊂ Rn be open, (α, p, q) ∈ Vα,p,q and m ∈ N0. We define the Herz-
type Sobolev space K˙α,qp,m(Ω) as the set of functions f ∈ K˙α,qp (Ω) with weak derivatives
Dβf ∈ K˙α,qp (Ω) for |β| 6 m. We define the norm of K˙α,qp,m(Ω) by
∥∥f∥∥
K˙α,qp,m(Ω)
=
( ∞∑
k=−∞
2kαq
( ∑
|β|6m
∥∥(Dβf)χRk∩Ω∥∥pp)
q
p
)1/q
if 1 6 p, q <∞ and
∥∥f∥∥
K˙α,∞p,m (Ω)
= sup
k∈Z
2kα
( ∑
|β|6m
∥∥(Dβf)χRk∩Ω∥∥pp) 1p .
Remark 3.2. One recognizes immediately that if p = q and α = 0, then K˙0,pp,m(Ω) =
Wp,m(Ω).
As in classical Sobolev spaces, see [2, Theorem 3.3], we have the following statements:
Theorem 3.3. Let Ω ⊂ Rn be open and (α, p, q) ∈ Vα,p,q. For each m ∈ N0, the Herz-type
Sobolev space K˙α,qp,m(Ω) is a Banach space.
Exactly in the same way as in the classical Sobolev spaces, see [2], but we use Theorem
2.9 we immediately arrive at the following result.
Lemma 3.4. Let Ω ⊂ Rn be open, m ∈ N0 and (α, p, q) ∈ Vα,p,q with 1 6 p, q <∞. Let
Ω′ be an open subset of Ω such that Ω′is a compact subset of Ω. Let Jε be as above and
f ∈ K˙α,qp,m(Ω). Then
lim
ε→0+
∥∥Jε ∗ f − f∥∥K˙α,qp,m(Ω′) = 0.
Similarly as in [2, Theorem 3.6] with the help of Theorem 2.8 we have the following
statement:
Theorem 3.5. Let Ω ⊂ Rn be open, m ∈ N0 and (α, p, q) ∈ Vα,p,q with 1 6 p, q < ∞.
K˙α,qp,m(Ω) is separable.
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3.1. Embeddings. In this subsection we present some embeddings of the spaces intro-
duced above.
Definition 3.6. Let v ∈ Rn\{0} and for each x 6= 0 let ∠(x, v) be the angle between the
position vector x and v. Let κ satisfying 0 < κ < π. The set
C = {x ∈ Rn : x = 0 or 0 < |x| 6 ̺,∠(x, v) 6 κ/2}
is called a finite cone of height ̺, axis direction v and aperture angle κ with vertex at the
origin.
Remark 3.7. Let C be a finite cone with vertex at the origin. Note that x+C = {x+ y :
y ∈ C} is a finite cone with vertex at x but the same dimensions and axis direction as C
and is obtained by parallel translation of C.
We are now in a position to state the definition of domain satisfies the cone condition
Definition 3.8. Let Ω ⊂ Rn be open. Ω satisfies the cone condition if there exists a
finite cone C such that each x ∈ Ω is the vertex of a finite cone Cx contained in Ω and
congruent to C.
Remark 3.9. In Definition 3.8 the cone Cx is not obtained from C by parallel translation,
but simply by rigid motion.
The following statement can be found in [2, Lemma 4.15], that plays an essential for
us.
Lemma 3.10. Let Ω ⊂ Rn be a domain satisfying the cone condition. Then we can
find a positive constant K depending on m,n, and the dimensions ̺ and κ of the cone
C specified the cone condition for Ω such that for every f ∈ C∞(Ω), every x ∈ Ω, and
every r satisfying 0 < r 6 ̺, we have
|f(x)| 6 K
( ∑
|α|6m−1
r|α|−n
∫
Cx,r
|Dαf(y)|dy +
∑
|α|=m−1
∫
Cx,r
|Dαf(y)|
|x− y|n−mdy
)
,
where Cx,r = {y ∈ Cx : y ∈ B(x, r)}.
Let 0 < λ < n. The Riesz potential operator Iλ is defined by
Iλf(x) =
∫
Rn
f(y)
|x− y|n−λdy.
Let p∗ be the Sobolev exponent defined by 1
p∗ =
1
p
− λ
n
. The following statement plays a
crucial role in our embeddings results, see [8].
Theorem 3.11. Let 0 < λ < n, 0 < q0 6 q1 6∞ and 1 < p 6 p < nλ . If
λ− n
p
< α < n− n
p
,
then Iλ is bounded from K˙α,q0p (Rn) into K˙α,q1p∗ (Rn).
Now we state the first embeddings theorem.
Theorem 3.12. Let Ω ⊂ Rn be a domain satisfying the cone condition, 0 ∈ Ω, (α2, p, r) ∈
Vα2,p,r and m ∈ N0. Let 1 < p <∞, α2 > α1, m− np < α2 < n− np ,
m− α2 + α1 > 0 and n
q
=
n
p
−m+ α2 − α1 > 0. (3.13)
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Then
K˙α2,rp,m (Ω) →֒ K˙α1,rq (Ω)
holds.
Proof. We will do the proof in two steps.
Step 1. α1 = α2. From Lemma 3.10,
|f(x)| .
∑
|α|6m
Im((Dαf)χΩ)(x), x ∈ Ω.
Using Theorem 3.11 we obtain∥∥f∥∥
K˙
α1,r
q (Ω)
.
∑
|α|6m
∥∥(Dαf)χΩ∥∥K˙α1,rp (Rn) . ∥∥f∥∥K˙α1,rp,m (Ω).
Step 2. α2 > α1. We write∥∥f∥∥r
K˙
α1,r
q (Ω)
=
∞∑
k=−∞
2kα1r
∥∥fχRk∩Ω∥∥rq
=
−1∑
k=−∞
· · ·+
∞∑
k=0
· · ·
= I1 + I2.
Estimate of I1. Let ̺ be as in Lemma 3.10. We decompose I1 as follows: I1 =∑
k6−1,̺62k−2
· · ·+ ∑
k6−1,̺>2k−2
· · · = I3 + I4. Let x ∈ Rk ∩ Ω, k ∈ Z.
We estimate I3. Since x ∈ Rk ∩ Ω and ̺ 6 2k−2, we get Cx,̺ ⊂ R˜k = {x : 2k−2 6 |x| 6
2k+1}. From Lemma 3.10, we easily obtain
|f(x)| .
∑
|α|6m−1
̺|α|−n
∫
Cx,̺
|Dαf(y)|χR˜k(y)dy +
∑
|α|=m
∫
Cx,̺
|Dαf(y)|
|x− y|n−mχR˜k(y)dy,
which is bounded by, because of α2 > α1 and m < n,
c2k(α2−α1)
∑
|α|6m−1
̺|α|−n
∫
Cx,̺
|Dαf(y)|
|x− y|n−m+α2−α1 χR˜k(y)dy
+c2k(α2−α1)
∑
|α|=m
∫
Cx,̺
|Dαf(y)|
|x− y|n−m+α2−α1 χR˜k(y)dy
. 2k(α2−α1)
∑
|α|6m−1
Im−α2+α1((Dαf)χΩ∩R˜k)(x).
Thanks to Theorem 3.11 there exists some constant c such that
I3 .
∑
|α|6m
∥∥Im−α2+α1((Dαf)χΩ∩R˜k)∥∥rK˙α2,rq (Rn) 6 c∥∥f∥∥rK˙α1,rp,m (Ω).
Now we estimate I4. Let
J1,k(x) =
∑
|α|6m−1
̺|α|−n
∫
Cx,̺
|Dαf(y)|dy and J2,k(x) =
∑
|α|=m
∫
Cx,̺
|Dαf(y)|
|x− y|n−mdy.
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Obviously J2,k . Im−α2+α1((Dαf)χΩ). To estimate the first term we use the fact that
m < n and ̺ > 2k−2 which leads to
J1,k(x) . 2
(m−n)k ∑
|α|6m−1
∫
C
x,2k−2
|Dαf(y)|dy +
∑
|α|6m−1
̺|α|−n
∫
2k−26|x−y|6̺
|Dαf(y)|dy
= c(J11,k(x) + J
2
1,k(x)).
Let us estimate each term separately. By assumption (3.13) and Ho¨lder’s inequality it is
easy to see that
J11,k(x) .
∑
|α|6m−1
2(m−n)k
∫
C
x,2k−2
|Dαf(y)|χR˜k(y)dy
. 2k(α2−α1−
n
q
)
∑
|α|6m−1
∥∥(Dαf)χR˜k∩Ω∥∥p.
Therefore ∥∥(J11,k)χRk∩Ω∥∥q . 2k(α2−α1) ∑
|α|6m−1
∥∥(Dαf)χR˜k∩Ω∥∥p
for any k 6 −1 such that ̺ > 2k−2. Rewriting J21,k as follows: J21,k = J21,k,1+ J21,k,2, where
J21,k,1(x) =
∑
|α|6m−1
̺|α|−n
∫
2k−26|x−y|62k+2
|Dαf(y)|dy
and
J21,k,2(x) =
∑
|α|6m−1
̺|α|−n
∫
2k+26|x−y|6̺
|Dαf(y)|dy.
J21,k,1(x) can be estimated from above by
c2(α2−α1)k
∑
|α|6m−1
Im−α2+α1((Dαf)χΩ)(x)
for any k 6 −1 such that ̺ > 2k−2. Now we consider the second term. We have
J21,k,2(x) .
∑
|α|6m−1
∫
2k+26|x−y|6̺
|Dαf(y)|χΩ(y)
|x− y|n−m dy,
which can be estimated by
c
∑
|α|6m−1
j∑
i=k+2
∫
2i6|x−y|62i+1
|Dαf(y)|χΩ(y)
|x− y|n−m χR˜i(y)dy
.
∑
|α|6m−1
j∑
i=k+2
2(m−
n
p
−α2)i2iα2
∥∥(Dαf)χR˜i∩Ω∥∥p.
where 2j−1 < ̺ 6 2j, j ∈ Z and we used Ho¨lder’s inequality. By assumption (3.13) we
obtain
2kα1
∥∥(J21,k,2)χRk∩Ω∥∥q . 2(np−m+α2)k ∑
|α|6m−1
j∑
i=k+2
2(m−
n
p
−α2)i2iα2
∥∥(Dαf)χR˜i∩Ω∥∥p
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for any k 6 −1 such that ̺ > 2k−2. Using the fact that α2 > m− np , we obtain by Lemma
2.4 that I4 6 c
∥∥f∥∥r
K˙
α1,r
p,m (Ω)
.
Estimate of I2. Since α2 > α1, we obtain that
I2 6 sup
k∈N0
2kα2
∥∥fkχΩ∥∥q . ∥∥f∥∥K˙α2,∞q (Ω).
Again from Lemma 3.10,
|f(x)| .
∑
|α|6m
Im−α2+α1((Dαf)χΩ)(x), x ∈ Ω.
Using again Theorem 3.11 it follows as above that
I2 .
∑
|α|6m
∥∥Im−α2+α1((Dαf)χΩ)∥∥rK˙α2,rq (Rn)
.
∑
|α|6m
∥∥(Dαf)χΩ∥∥rK˙α2,rp (Rn)
.
∥∥f∥∥r
K˙
α2,r
p,m (Ω)
,
since m− n
p
< α2 < n− np . The proof is complete. 
Remark 3.14. We mention that Theorem 3.12 cover the Sobolev inequality. In addition
Wm,p(Ω, | · |α2p) →֒ K˙α1,pq (Ω) →֒ Lq(Ω, | · |α1q),
under the same assumptions of Theorem 3.12 with r = p.
Theorem 3.15. Let domain Ω ⊂ Rn satisfy the cone condition , 0 ∈ Ω, (α2, p, r) ∈ Vα2,p,r
and m ∈ N0. Let 1 < p <∞, α2 > α1, α1 + np > 0 and
max(
n
p
+ α2,
n
p
+ α2 − α1) < m < n.
Then
K˙α2,rp,m (Ω) →֒ K˙α1,rp (Ω)
holds.
Proof. We write
∥∥f∥∥r
K˙
α1,r
p (Ω)
=
∞∑
k=−∞
2kα1r
∥∥fχRk∩Ω∥∥rp
=
∑
2k+2>̺
· · ·+
∑
2k+26̺
· · ·
= I1 + I2.
Let as estimate I1. Let t > 0 be such that
n
m
< t < min(p, n
max(0,α2+
n
p
)
). We have
|f(x)| .
∑
|α|6m−1
̺|α|−n
∫
Cx,̺
|Dαf(y)|dy +
∑
|α|=m
∫
Cx,̺
|Dαf(y)|
|x− y|n−mdy
.
∑
|α|6m
Mt((Dαf)χΩ)(x)
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for any x ∈ Rk ∩ Ω. Therefore
I1 .
∑
|α|6m
∑
2k+2>̺
2kα1r
∥∥Mt((Dαf)χΩ)χRk∥∥rp
.
∑
|α|6m
∥∥Mt((Dαf)χΩ)∥∥rK˙α2,rp (Rn)
.
∥∥f∥∥r
K˙
α2,r
p,m (Ω)
,
by Lemma 2.3.
Now we estimate I2. We employ the same notation as in Theorem 3.12. We have
J1,k(x) .
∑
|α|6m−1
̺|α|−n
∫
Cx,̺
|Dαf(y)|
|x− y|n−mdy, x ∈ Rk ∩ Ω.
Therefore we need only to estimate J2,k. We write
J2,k(x) =
∑
|α|=m
∫
C
x,2k−2
|Dαf(y)|
|x− y|n−m +
∑
|α|=m
∫
Bx,̺,k
|Dαf(y)|
|x− y|n−mdy.
where Bx,̺,k = Cx ∩{y : 2k−2 6 |x− y| < ̺}. Let t > 0 be such that m− nt +α1−α2 > 0
and t < p. By Ho¨lder’s inequality the first integral is bounded by,
c2k(α2−α1)
∫
C
x,2k−2
|Dαf(y)|χΩ(y)
|x− y|n−m−α1+α2 χR˜k(y)dy . 2
k(α2−α1)2(m−
n
t
+α1−α2)kMt((Dαf)χR˜k∩Ω)(x).
The boundedness of the maximal function on L
p
t (Rn) yield that∥∥Mt((Dαf)χR˜k∩Ω)∥∥p . ∥∥(Dαf)χR˜k∩Ω∥∥p.
Now ∫
B
x,2k+2,k
|Dαf(y)|
|x− y|n−mdy . 2
(m−n)k
∫
B
x,2k+2,k
|Dαf(y)|χΩ(y)dy
. 2mkM((Dαf)χΩ)(x)
. 2(m+α1−α2)k2(α2−α1)kM((Dαf)χΩ)(x).
Let j ∈ Z be such that 2j−1 < ̺ 6 2j . As in Theorem 3.12 we obtain∫
Bx,̺,k+2
|Dαf(y)|
|x− y|n−mdy .
j∑
i=k+2
2(m−
n
p
−α2)i2α2i
∥∥(Dαf)χRi∩Ω∥∥p
.
∥∥f∥∥
K˙
α2,r
p;m (Ω)
.
The desired estimate follows by Lemma 2.3 and the fact that α1 +
n
p
> 0. The proof is
complete. 
Theorem 3.16. Let domain Ω ⊂ Rn satisfy the cone condition, 0 ∈ Ω, (α2, p, r) ∈ Vα2,p,r
and m ∈ N0. Let 1 < p < ∞, 1 6 r 6 ∞ and np + α2 < m < n. Assume that
α2 > α1 > −np . Then
K˙α2,rp,m (Ω) →֒ K˙α1,r∞ (Ω)
holds.
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Proof. By similarity we consider the case 1 < r <∞. We write
∥∥f∥∥r
K˙
α1,r∞ (Ω)
=
∞∑
k=−∞
2kα1r
∥∥fχRk∩Ω∥∥r∞
=
∑
2k−2>̺
· · ·+
∑
2k−26̺
· · ·
= S1 + S2.
Estimate of S1. From Lemma 3.10 and Ho¨lder’s inequality, because of m >
n
p
, we
obtain
|f(x)| .
∑
|α|6m
∥∥(Dαf)χR˜k∩Ω∥∥p
for any x ∈ Rk ∩ Ω, since Cx,̺ ⊂ R˜k. Hence
S1 .
∑
|α|6m
∑
2k−2>̺
2k(α1−α2)r2kα2r
∥∥(Dαf)χR˜k∩Ω∥∥rp
.
∥∥f∥∥r
K˙
α2,r
p,m (Ω)
,
because of α2 > α1.
Estimate of S2. We have
|f(x)| .
∑
|α|6m
∫
Cx,̺
|Dαf(y)|
|x− y|n−mdy
=
∑
|α|6m
∫
C
x,2k−2
· · ·dy +
∑
|α|6m
∫
Bx,̺,k
· · ·dy
= P1,k(x) + P2,k(x),
where Bx,̺,k = Cx ∩ {y : 2k−2 6 |x− y| < ̺}. Using again Ho¨lder’s inequality we obtain
P1,k(x) 6
∫
C
x,2k−2
|Dαf(y)|
|x− y|n−mχR˜k∩Ω(y)dy . 2
k(m−n
p
)
∑
|α|6m
∥∥(Dαf)χR˜k∩Ω∥∥p
because of m > n
p
. Therefore
∑
2k−26̺
2kα1r sup
x∈Rk
(P1,k(x))
r .
∑
|α|6m
∑
2k−26̺
2k(m−
n
p
+α1−α2)2kα2r
∥∥(Dαf)χR˜k∩Ω∥∥rp
.
∥∥f∥∥r
K˙
α2,r
p,m (Ω)
,
since m− n
p
+ α1 − α2 > 0. Now we estimate P2,k(x). We write
P2,k(x) =
∫
Bx,̺,k
· · ·χ|·|6 |x|
2
(y)dy +
∫
Bx,̺,k
· · ·χ |x|
2
6|·|62|x|(y)dy +
∫
Bx,̺,k
· · ·χ|·|>2|x|(y)dy
= T1,k(x) + T2,k(x) + T3,k(x).
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Let us consider the first term. Using the fact that |x − y| > |y| if |y| 6 |x|
2
and Ho¨lder’s
inequality to obtain
T1,k(x) .
∑
|α|6m
∫
|y|62k
|Dαf(y)|χΩ(y)
|y|n−m dy
= c
∑
|α|6m
∞∑
i=k
2i(m−
n
p.
−α2)2iα2
∥∥(Dαf)χRi∩Ω∥∥p
= c2k(m−
n
p.
−α2)
∑
|α|6m
∞∑
i=k
2(i−k)(m−
n
p.
−α2)2iα2
∥∥(Dαf)χRi∩Ω∥∥p
. 2k(m−
n
p.
−α2)∥∥f∥∥
K˙
α2,r
p,m (Ω)
,
since m− n
p.
− α2 > 0. This leads to∑
2k−26̺
2kα1r sup
x∈Rk
(T1,k(x))
r .
∥∥f∥∥r
K˙
α2,r
p,m (Ω)
∑
2k−26̺
2k(m−
n
p.
−α2+α1)r
.
∥∥f∥∥r
K˙
α2,r
p,m (Ω)
.
Now we easily obtain
T2,k(x) .
∑
|α|6m
2k(m−n)k
∫
Ω
|Dαf(y)|χR˜k(y)dy
. 2k(m−
n
p
)k
∑
|α|6m
∥∥(Dαf)χR˜k∩Ω∥∥p
by Ho¨lder’s inequality. Therefore∑
2k−26̺
2kα1r sup
x∈Rk
(T2,k(x))
r 6
∑
|α|6m
∑
2k−26̺
2k(m−
n
p.
−α2+α1)2kα2r
∥∥(Dαf)χR˜k∩Ω∥∥rp
.
∥∥f∥∥r
K˙
α2,r
p,m (Ω)
.
Let us estimate T3,k. We have |x− y| > |y|2 , if |y| > 2|x|. Then
T3,k(x) .
∫
2k6|y|62̺
|Dαf(y)|
|y|n−m χΩ(y)dy
.
j∑
j=k
2(m−
n
p
−α2)i2iα2
∥∥(Dαf)χRi∩Ω∥∥p
.
∥∥f∥∥r
K˙
α2,r
p,m (Ω)
,
where 2j < ̺ 6 2j−1, j ∈ Z. Using the fact that α1 + np > 0 we obtain∑
2k−26̺
2kα1r sup
x∈Rk
(T3,k(x))
r .
∥∥f∥∥r
K˙
α2,r
p,m (Ω)
.
The proof is complete. 
Collecting the results obtained in Theorems 3.15 and 3.16 we have the following state-
ment.
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Theorem 3.17. Let domain Ω ⊂ Rn satisfy the cone condition, 0 ∈ Ω, (α2, p, r) ∈ Vα2,p,r
and m ∈ N0. Let 1 < p < q <∞, α2 > α1 > −np and max(np +α2, np +α2−α1) < m < n.
Then
K˙α2,rp,m (Ω) →֒ K˙α1,rq (Ω)
holds.
Proof. Let θ = p
q
. We have∥∥f∥∥
K˙
α1,r
q (Ω)
6
∥∥f∥∥θ
K˙
α1,r
p (Ω)
∥∥f∥∥1−θ
K˙
α1,r∞ (Ω)
.
∥∥f∥∥
K˙
α2,r
p,m (Ω)
,
by Theorems 3.15 and 3.16. The proof is complete. 
In the previous results we have not treated the case q < p. The next theorem gives a
positive answer.
Theorem 3.18. Let domain Ω ⊂ Rn satisfy the cone condition, 0 ∈ Ω, (α2, p, r) ∈ Vα2,p,r
and m ∈ N0. Let 1 < q < p <∞, α2+ np > α1+ nq and max(np +α2, np +α2−α1) < m < n.
Then
K˙α2,rp,m (Ω) →֒ K˙α1,rq (Ω)
holds.
Proof. We employ the same notation as in Theorem 3.15. Let as estimate I1. Let t > 0
be such that 1 < n
m
< t < min(p, n
max(0,α2+
n
p
)
). We have
|f(x)| .
∑
|α|6m−1
̺|α|−n
∫
Cx,̺
|Dαf(y)|dy +
∑
|α|=m
∫
Cx,̺
|Dαf(y)|
|x− y|n−mdy
.
∑
|α|6m
Mt((Dαf)χR˜k∩Ω)(x)
for any x ∈ Rk ∩ Ω. Ho¨lder’s inequality together with the boundedness of the maximal
function on L
p
t (Rn) leads to
I1 .
∑
|α|6m
∑
2k+2>̺
2(α1+
n
q
−n
p
−α2)kr2kα2rMt((Dαf)χR˜k∩Ω)
∥∥r
p
.
∥∥f∥∥r
K˙
α2,r
p,m (Ω)
,
since α2 +
n
q
> α1 +
n
p
.
The estimation of I2 follows by the same arguments as in Theorem 3.15 and hence the
proof is complete. 
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